Deduction theorem in classical logic

T ... theory
A, B ... formulas

TU{AY-Biff THA— B

Proof —

//BEGIN of proof of T+ A — B

D,_1=A—B
//END of proof of THA — B
SA : D@:A
MP(D;,D;1): D;y1 =B



—: Proof by contradiction:
Suppose that there is a formula B such that T U{A}B, T/ A — B.
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2. B # A because 7T H A — A.



3. B is obtained by deduction in the proof of 7T U{A} F B.
WLOG, we choose for B a formula with the shortest possible proof; its shortest

proof must be of the following form:
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MP(D?;, DJ) : Dy =B
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3. B is obtained by deduction in the proof of 7T U{A} F B.
WLOG, we choose for B a formula with the shortest possible proof; its shortest

proof must be of the following form:
D;

MP(D?;, DJ) : Dy =B

forer < g <morj<i<m.

The proofs of T U{A} = D;, T U{A} = D; are of lengths < m, therefore

THA— D;=A— (D; — B)



Proof of T H A — B:

//BEGIN of proof of T H A — D;

Dk:A _>D*i
//END of proof of T - A — D;
//BEGIN of proof of T+ A — D;

D
Dn=A—(D; = B)
//END of proof of TH A — D,
(C2) B.=D;,C:=B: Dpy1=A—->(D;—>B))—»(A— D;)— (A— B))
MP(Dn, Dpy1) : Dpy2 = (A — D;) — (A — B)
MP(Dy, Dpy2): Dpyz=A— B




Proof of T H A — B:

//BEGIN of proof of T+ A — D,

Dk:A%Di
//END of proof of T H A — D,
//BEGIN of proof of T+ A — D;

~
D, =(A = (D; = B)
//END of proof of THA — D;

(C2) B:=D;,C:=B: D41 =[A—(D; = B))— \((A—>D)—>(A—>B))|

MP(Dn, Dpy1) : Dpy2 =|(A = Dy )\_> (A — B)
MP(Dy, Dpy2):  Dpysz=|A— B




Corollary Cor2 AF AV B forall A, B

AH-A—->B=AVDEB

¢ (DT)
ALL(A): {A,-A}+ B
= we can add a deduction rule A (and b was already proved in CI9)
AV B AV
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Corollary Cor3 Al A, FA— —-—Aforall A

_I_IA
-A— (—mA— 0)

¢ (DT)
AF-A—=0

{ (DT)
ALL(A): {A,-A O

Corollary Cor4 ——AF A, - —-—A — A forall A

Cor3, A:=-A: Dy=-A— A
(C3) B:=—A: Dy:=(—A— A = (A= A)
MP(D1,D5): D3=-—-A— A

Corollary Corb A& —-—A (can be added to axioms)

How can we simplify our proofs?
B+~ (CkFH(A—B)+ (A—C)
B CH(B—A)« (C—A)



Corollary Cor3 Al A, FA— —-—Aforall A

_I_IA
-A— (—mA— 0)

¢ (DT)
AF-A—=0

{ (DT)
ALL(A): {A,-A O

Corollary Cor4 ——AF A, - —-—A — Aforall A

Cor3, A:=-A: Dq=|0A— ——-A
(C3) B:=—=A: Djp:=|(mA— ~—A)— (A — A)
MP(Dl, D2) ; D3 =—-"—-A— A

Corollary Corb A& —-—A (can be added to axioms)

How can we simplify our proofs?
B+~ (CkFH(A—B)+ (A—C)
B CH(B—A)« (C—A)



