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<
Fuzzy propositional algebras -
54/85

equations written in black always hold

equations written in red hold for the standard fuzzy operations, but not for some others
equations written in blue hold only for some choices of fuzzy operations (not for the
standard ones)

- = a,

@Qﬁ = BV, aAﬁ = ﬁAm
(aVB)Vy = aV(BVn), (aAB)Ay = aA(BA7),
aA(BVY) = (aAB)V(aA7y), a \'X. (5 /\.’}f) = ((1\/ ) ./\ (a0 V ),

| aVa = . | | Qv ./\ a = q, |

aV(aAB) = a, a (a \'/. g = &

oa.\'/ L. = 1 | Al = 1,

aVvVl = a, &Al =

A= = g, oV - g = 1,

=l AfB) = =waV=§8, eV B = =—wA=8
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Fuzzy implication o
55/85

is any operation —: [0,1]? — [0, 1] which coincides with the classical implication on {0, 1}2.

We would like to satisfy the following properties, but we do not require them as axioms:

a%}ﬁzl@ggﬁ, (11a)

a—f=1=a<p, (11b)

15 8=, (12)

% is nonincreasing in the first argument and nondecreasing in the second, (13)
-3 =l - g (14)

a— (B—=7)=B8-=(a=1), (15)

continuity . (16)
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R-implication (residuated fuzzy implication, residuum) b

56/85

IS an operation
R
a— B =sup{y: aAy < B}, (RI)

where A is a fuzzy conjunction

(if A is continuous, we may take the maximum instead of the supremum)
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IS an operation 1 O < /\ -
o B =sup{y: any < B}, (RI)

where A is a fuzzy conjunction

(if A is continuous, we may take the maximum instead of the supremum)



Examples of R-implications

57/85

e From the standard conjunction A we obtain the Godel implication

4

1 ifa<B,
S o] otherwise.

\

It is piecewise linear and continuous except for the points (a, a), a < 1.
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Examples of R-implications F
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e From the tukasiewicz conjunction A we obtain the tukasiewicz implication

4

1 if a < 3,
1-a+p otherwise.

R
a?ﬁ=<

It is piecewise linear and continuous.
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Examples of R-implications -
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e From the product conjunction A we obtain the Goguen (also Gaines) implication

if a < g3,
otherwise.

R fl
a?ﬁ:<£
(@

It has one point of discontinuity, (0,0).
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R _
Theorem: Let A be a continuous fuzzy conjunction. Then the R-implication — satisfies

(11a), (11b), (12), (13).

Proof: o — B =supl'(a, ), where
(o, B) ={v: aNvy < B} is an interval containing zero. (Moreover, due to the continuity

of A the interval is closed.)

(I1a) If a < B, then I'(e, B) = [0, 1], sup'(ev, B) = 1.

(I1b) If a > 3, then 1 ¢ T'(«, ), supI'(a, ) < 1 (from the closedness of I'(«, 3)).
(12): 1 B =sup{y: y< B} =5

(I13): When « increases, I'(«, 3) does not increase.
When S increases, I'(«, ) does not decrease.

Theorem: A residuated fuzzy implication induced by a continuous fuzzy conjunction A is

continuous iff A is nilpotent.
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of A the interval is closed.)
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(I1b) If a > 3, then 1 ¢ T'(«, ), supI'(a, ) < 1 (from the closedness of I'(«, 3)).
(12): 1 B =sup{y: y< B} =5

(I13): When « increases, I'(«, 3) does not increase.
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Theorem: A residuated fuzzy implication induced by a continuous fuzzy conjunction A is

continuous iff A is nilpotent.
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e From the standard disjunction we obtain the Kleene—Dienes implication

S
&?ﬁ:max(l—oz,ﬁ).
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S
e From the tukasiewicz disjunction we obtain the fukasiewicz implication = which

R
coincides with the tukasiewicz residuated implication —.

Among all fuzzy implications studied here, only residuated implications induced by nilpotent
fuzzy conjunctions (e.g., the tukasiewicz implication) satisfy all properties

(11a),(11b),(12)—(16).
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Fuzzy biimplication (equivalence) b
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is an operation <+ usually defined by

acrf=(a—=pB)A(B—a),

where — is a fuzzy implication and A is a fuzzy conjunction.

(Biimplications are distinguished by the same indices as the respective fuzzy implications.)

If — satisfies (I1a) (e.g., for a residuated implication), at least one of the brackets equals 1,
hence the choice of the fuzzy conjunction A is irrelevant.

Example: tukasiewicz biimplication: o {—{} B=1—|a—7|
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is an operation <+ usually defined by /\ /\

—~
|

¥
aef=(a—=pB)AB—=a), F
. e

where — is a fuzzy implication and A is a fuzzy conjunction.

(Biimplications are distinguished by the same indices as the respective fuzzy implications.)

If — satisfies (I1a) (e.g., for a|residuated implication), at least one of the brackets equals 1,

hence|the choice of the fuzzy conjunction A is irrelevant.

Example: tukasiewicz biimplication: o {—{} B=1—|a—7|

/\
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A binary relationisan RC X xY

Inverse relation to R: R~!1 CY x X:

p-1 _ {(ij) ceY xX: (z,y) ER}

The composition of relations RC X XY, SCY xZisRoSCX x Z:

Ro S = {(T,z) eXxZ: (JyeY :(z,y) €R,(y,2) ES)}

Using membership functions:
pr: X xY — {0,1}
pp-1(y, ) = pr(Z,Y)

HRos (T, 2) = ?ea};:(ug(:g, y) A us(y, z))
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Inverse relationto R: R~'1CY x X: é
W LJ/

R'={(y,z) €Y x X: (x,y) € R}

The composition of relations R C X >< 5 QE'X ZisRoSCX x Z:

& 4

Ro S = {(T,z) eXxZ: (JyeY :(z,y) €R,(y,2) ES)}

Using membership functions:
pr: X xY — {0,1}
pr-1(y,x) = pr(z,y)
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A fuzzy relationis Re F(X xXY), ug: X xY — [0,1]

The inverse relation to Ris R~ € F(Y x X):

Ve XVyey : u;R_l(y,af:) = MR(% y)

The - -composition of relations R € F(X xY), Se F(Y xZ)is RoS e F(X x Z):

fiRos (, 2) = sup (hr(z,y) A ps(y, 2))
ye '

Theorem The inversion of fuzzy relations is cut-consistent.

Theorem If Y is a finite set, then the standard composition of fuzzy relations
Re F(X xY), Se F(Y x Z) is cut-consistent.
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A fuzzy relationis Re F(X xXY), ug: X xY — [0,1]

The inverse relation to Ris R~ € F(Y x X):

Vee XVyeyY: /JJR—l(yax) — MR(xﬂ y)

Th% -—composition‘of relations R € F(X , S € F(Elx Z)isRoS e F(X x Z):

4

\7

pRos (T, 2) = B (er(z,y) A ps(y, 2))

Theorem The inversion of fuzzy relations is cut-consistent.

Theorem If Y is a finite set, then the omp05|t|on of fuzzy relatiens

Re F(XxY) Se F(Y

A
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R C X x X can be:

e an equality: £ = {(z,z): z € X},

o reflexive: Vx € X : (z,z) € R, ie., E CR,

e symmetric: (z,y) € R= (y,z) € R, i.e., R= R,

e antisymmetric: ((x, y) € R) A ((y, r)€ER)=z=y,ie, RNR'CE,

e transitive: ((z,y) € R) A ((y,2) € R) = (z,2) € R, i.e, RoRCR,

e a partial order: antisymmetric, reflexive, and transitive,

e an equivalence: symmetric, reflexive, and transitive.

The membership function of the equality relation, £ C X x X, is the Kronecker delta:

1 for & = v,

i :5 —
pe(T,y) =o6(z,y) 15 i 9 o
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Special fuzzy relations

68/85

A fuzzy relation R € F(X x X)) can be:

o reflexive: I C R,

e symmetric: R = R,

e - -antisymmetric: R A R'CE,
e - -transitive: Ro R C R,

e a - -partial order: --antisymmetric, reflexive, and - -transitive,

e an - -equivalence: symmetric, reflexive, and - -transitive.

The last four terms depend on the choice of the fuzzy conjunction A.
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A fuzzy relation R € F(X x X)) can be:

e reflexive: £ C R,

e symmetric: R = R,

e - -antisymmetric: _1 ¢ o,

e a - -partial order: --antisymmetric, reflexive, and - -transitive,

e an - -equivalence: symmetric, reflexive, and - -transitive.

The last four terms depend on the choice of the fuzzy conjunction A.



Theorem The following properties of fuzzy relations are cut-consistent:

reflexivity,

symmetry,

standard antisymmetry,
product antisymmetry,
standard transitivity,
standard partial order,

standard equivalence.
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Theorem The following properties of fuzzy relations are cut-consistent:

e reflexivity,

e symmetry, ’V, g /\D ::}/.\ O:q é O(
oantisymmetry, |
® ntisymmetry,

» ransitivity,

e standard partial order,

e standard equivalence.



