Operations with crisp sets
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propositional
set operations operations formula

P(X)—>PX) | 7:{0,1} = {0,1} | A ={zeX: a(zecA)}
N:P(X)2=>PX) | A:{0,1}* 5 {0,1} | AnNB={z€X: (zx€ A)A(xz € B)}
U:P(X)?—=>P(X)|V:{0,1}* > {0,1} | AUB={ze€X: (x€ A)V(zeB)}

By means of membership functions:
pa (@) = ~palz)

pang(z) = pa(z) A pp()
paup(z) = pa(z) Vv pp(z)
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Fuzzy negation -
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unary operation — : [0, 1] — [0, 1] such that
a<f=-p<1a, (N1)
T = G (N2)

Example: Standard negation: = 1 — a.
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Properties of fuzzy negations
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Theorem: Each fuzzy negation — is a continuous, strictly decreasing bijection satisfying
=1 1=, =) =1, (NO)
lts graph is symmetric w.r.t. the axis of the 1st and 3rd quadrant, i.e., =~ = —
Proof:

e Injectivity: If ~a=—-0,thena=——~a=—-—-5=0.
e Surjectivity: For each o € [0, 1] there is a 8 € [0, 1] such that @« = = 3, namely 5 = =«

e = continuity and boundary conditions.

e The symmetry of the graph is equivalent to involutivity (N2).
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Representation theorem for fuzzy negations
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A function —: [0,1] — [0, 1] is a fuzzy negation iff there is an increasing bijection

i:]0,1] — [0,1] (generator of fuzzy negation —) such that

m=ionoi T, ie, —a=i(2i(a)).

Proof: (According to [Nguyen-Walker].)

e Sufficiency:
(N1): Assume «, 8 € [0,1], a < B.
i, 1! preserve the ordering, 1 reverses it:

i(a) < i(B)
Jila) = 2i(B)
= =1
) (;z(oz) =~ 9 (;’z(ﬁ))
e 2 —|ﬁ
(N2): —lo—lzio—uoi_loio—uoi_l:io?o?oi_lzioi_lzid,

: : S S
where id is the identity on [0, 1].
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Possible construction of a generator of a fuzzy negation

e Necessity: We shall prove that

is a generator of a fuzzy negation —.

¢ is increasing, continuous, and satisfies i(0) =0, ¢(1) = 1, thus 7 is a bijection on [0, 1].

(e

a+?ﬁa
;z(o:) = 1-— 5
_'Od—l—_'Od
s .
2

?:O_I — —lofi

1—(:1:—|—1—;|—|o:

2

_'_'_'C}:’—l—_'Od
S .« . ;

A generator of a fuzzy negation is not unique.
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pa (z) =~ pa(z).

We distinguish them by the same indices as the corresponding fuzzy negations, e.g., A” is
the standard complement.
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